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8.1 Introduction 

In previous chapters, we saw elementary students work in classrooms on counting problems presented 
by researchers. In this chapter, we observe a group of five high school students working under different 
circumstances. When the students in the longitudinal study entered high school, they no longer worked on 
problems in class. Instead, the students who remained in the study worked on problems in after-school 
sessions scheduled by the researchers and for which the students rearranged their after-school schedules in 
order to attend. In addition, this session is unique because the students worked on a problem proposed by a 
fellow student. In this session, Ankur and Mike were invited to propose and solve their own problem. 
Ankur proposed a new towers problem, which became known as AnkurÕs Challenge: 

 
Find all possible towers that are four cubes tall, selecting from cubes available in three different 
colors, so that the resulting towers contain at least one of each color. 

 
Mike and AnkurÕs approach was to start with the total number of four-tall towers built from three colors 

and then subtract out the ones that did not fulfill the stated criteria. They started by writing combinations of 
towers, using the numbers 1, 2, and 3 to represent colors red, blue, and yellow respectively, and using a 0 to 
represent the duplicated color. At first, they omitted some towers in their count, but later in the session they 
discovered the missing set. 

As Mike and Ankur proposed a variety of numerical answers (72, 54, 45, and 36) to the problem, Jeff, 
Brian, and Romina joined the discussion. Jeff suggested, based on a preliminary listing, that the answer to 
AnkurÕs challenge was 36. (His list had 37 towers, but he thought that it included a duplicate.) Although 
they worked separately, the two groups periodically exchanged comments and suggestions. The first firm 
finding on which all agreed was that the total number of four-tall towers that can be built when selecting 
from three colors is 34 (81) towers.   

8.2 RominaÕs Presentation of Proof 

At this point the dynamics of the working groups changed. Jeff joined with Mike and Ankur, who were 
working on developing a justification based on cases. Brian sat quietly, sketching out ideas on a sheet of 
paper. Romina worked on her own, at times thinking out loud, as illustrated here: 

You know, it might be 36. ÔCause IÕm working with sixes now. And okay, you put them, 
like you pair Ôem up. ÔCause youÕre only gonna have É 



At this point, Romina put up her hands and indicated that she needed to collect her thoughts. She 
continued: 

Let me think first, organize my thoughts a little. WeÕre gonna have them together. 
Together like over here [indicating her list]. These are together. These are together. 
These are together. Like two of the same color together. And then, in like a pattern, 
like, weÕll put them somewhere and then weÕll switch them around, so IÕm up to 24 
now and IÕm going to put them the same way here and here. So then thatÕs 30. And I 
put the same ones here and here. Here, here. I didnÕt put them, and then thereÕs 
your 36.  

     
Figure 8-1 gives RominaÕs first list of possibilities. 
 

 
 

Figure 8-1. RominaÕs first attempt to write out the towers of AnkurÕs Challenge 

Romina explained that two cubes of the same color had to be in each tower and that she was using that 
fact to create a pattern. Using X, O and 1 to represent the three colors, Romina listed the six towers that 
could be created using a single pattern (that in which the repeated color occupied the first two positions in 
the tower), and then she moved on to the next possible arrangement. This was the beginning of a 
justification based on cases. She explained that by using this method she had found twenty-four towers so 
far and that there were two additional groupings that she had yet to complete. Counting all of the towers in 
her list would mean that there were 36 possible towers as the answer to AnkurÕs Challenge. At this point, 
Romina began to generalize her solution. Instead of listing all of the combinations, she listed only the cubes 
that were duplicated in each tower.  

As Romina tried to get the attention of Jeff, Mike and Ankur in order to explain her solution to them, 
Brian interrupted and pointed out that she had duplicated one of the rows in her list. Undaunted, Romina 
reached for a clean piece of paper and began to redraw her table. Brian watched carefully as she worked, 
offering helpful suggestions as she created this version of her solution. She drew boxes showing the 
duplicated cubes in five of the six possible positions. With BrianÕs assistance, Romina reviewed what she 
had already written and included the sixth row. 

 

      
 

Figure 8-2. RominaÕs generalization 



She was then ready to present her thoughts to Jeff, who had moved over to see what she and Brian were 
doing. She counted her rows to verify that she had the required six and proceeded to explain what she had 
done to Jeff. She said: 

You know weÕre gonna have two of the same color. Right? Two of the same color, 
which stands for putting these and these, right? And youÕre gonna have them in, and 
then the rest you fill up, right? And then youÕre gonna have the É And thereÕs only 
two other ones you could have. So this, you have this one, you have to multiply it by 
two. Well, one, two, three, four, five, six.  É You multiply this by two [indicating 
each row in turn], multiply this by two, multiply this by two, by two, by two, and by 
two. And then, one, two, three, four, five, six. 

This attempt to convey the idea that each row represented a four-tall tower that had to contain two cubes 
of one color with one of second color and one of the third color was not convincing to Jeff. Romina did not 
explain the reason for multiplying by two, and she skipped other important points. 

Romina and Brian decided that Romina would write her ideas more neatly, and she produced a third 
version of her diagram. As Ankur and Mike begin talking to the researcher about their solution, Jeff and 
Romina interrupted with the information that they had found a solution of 36, and they could prove that it 
was correct. They asked Mike to pay attention to their explanation and, although he agreed, it became clear 
that he was still thinking about his own ideas for finding the complement to AnkurÕs Challenge.  

RominaÕs presentation improved as she related her ideas this second time. The discussion follows. 
 

ROMINA: So you have to organize them so that you donÕt have any doubles. So either you can 
have them next to each other. You can have them separated by one. You have them on 
the ends, in the middle, two and fourth spot, and third and fourth spot. So thatÕs six. 
Okay. Now you, in the other spots, you can have an o and an x. Those are colors. Like 
these are three different colors Ð an o and an x and an x and an o. Right? 

ANKUR: Yes. 
ROMINA: So thatÕs six. 
ANKUR: Yes. 
ROMINA: So you have to multiply each of these six by two.  
JEFF: But you couldnÕt have like x x because that wouldnÕt fit the requirement. So you 

multiply each one by two. So that would give you 12. Correct? ÔCause that means you 
could have like thisÉ 

BRIAN: Like the x is in the first, the o in the first spot. 
 

This time, Romina explained the code and her organization, iterating all the possible positions for the 
duplicated color. She explained how she placed the remaining two colors into her diagram and said why 
she multiplied each row by two (to account for the fact that the two non-duplicated colors could switch 
positions). Jeff and Brian added clarification of the reason for multiplication by two. 

Ankur accepted RominaÕs solution. Mike, however, remained fixed on finding a proof that the 
remaining towers, those that formed the complement of AnkurÕs Challenge, numbered exactly 45. He was 
not willing to accept the number 45 as the difference between 81, the total number of towers that they had 
agreed on at the outset, and the 36 combinations that Romina, Brian, and Jeff had found. Although Ankur 
and Jeff claimed that RominaÕs proof should be sufficient to prove that 45 was the solution to the 
complement problem, Mike wanted an explicit proof: 
 

ANKUR: The only way you could prove you were right is to prove the other side. 
JEFF: We proved the other. 
MIKE:  ThatÕs not enough for me. I want to prove the other. 
 

At the end of the session, Mike asked Romina to restate her proof, admitting that he had not been paying 
attention the first time that she had presented it to the group. Romina graciously complied, further refining 
both her explanation of the proof and the diagram she utilized as she spoke while writing it on the 
chalkboard. Refer to Figure 8-3. 

 



 

 Figure 8-3. RominaÕs chalkboard version of her proof of AnkurÕs Challenge 

At the groupÕs next meeting, Romina brought a written copy of her proof of AnkurÕs Challenge; this 
demonstrated further refinement of her previous arguments. She wrote: 

 

 
 

In RominaÕs written explanation, she indicated a realization that there were three different colors for 
selecting the blocks and four positions on a tower to place a block. She indicated, also, that there would be a 
double of one of the colors and a single of the two remaining colors. She now used a different notation - 
yellow (Y) and blue (B) for the single blocks and red (R) for the duplicate block. Romina wrote that placing 
the red cubes in all possible positions would produce 6 towers. She pointed out that there were only two 
possibilities for the remaining colors, thereby producing 6 x 2 or 12 towers with double red blocks. She then 
concluded that by considering the remaining 3 colors, 3 x12 or 36 towers would yield all possible 
combinations, thereby producing an elegant justification for the solution to AnkurÕs Challenge.  

 
 

 



8.3 Discussion 

In their work on AnkurÕs Challenge, Romina, Brian, Jeff, Ankur, and Mike demonstrated how they 
worked as mathematical thinkers. Ankur posed an interesting problem, which he and Mike worked to solve. 
They started by applying previous knowledge (how to find the number of towers when selecting from two 
colors) to a new situation (three colors are now available). They successfully found the total number and 
proceeded to use a subtraction strategy. They listed exceptions by case; when the notation they originally 
chose proved inadequate, they introduced a new notation. 

Later, when provided with an answer derived from a different approach, Mike continued to work on his 
own solution. Although he accepted the direct approach explained by Romina from the other group, he was 
unsatisfied that AnkurÕs and his approach, seemingly reasonable, did not work.  

Romina and her group used a direct approach. They brought together ideas and notations from the past 
as they constructed a solution for AnkurÕs Challenge. They used a variation of the binary coding scheme 
that Mike had introduced the previous month. They profited from the strategy that Ankur had presented in 
the fifth grade of fixing one of the variables and then considering the possibilities that satisfied that case. 
As Romina explained her strategy to Brian, she formulated different ways to express her thoughts; Brian 
assisted by pointing out additional cases. As Romina tried to communicate her ideas so that  Jeff  would 
follow, she revised her representations.   

Mike, ready to hear about the solution of the other group, asked Romina to repeat her explanation. In 
response, she presented her work at the blackboard with further refinement of their representations. Her 
final written summary provided another opportunity for detail, refinement, and generalization. In summary, 
we can say that Romina and her group profited by using their personal representations, communicating 
them as ideas, and then providing support for those ideas by reorganizing and restructuring representations. 
Further, in each iteration of the proof, Romina made refinements and clarified her reasoning. This suggests 
advantages for students when afforded more than one opportunity to explain and write about their ideas. 
Each explanation has the potential to contribute to a deeper understanding and for multiple ways to 
represent ideas.  

Romina, one week later, shared a written solution to the problem, indicating an interest in refining her 
explanation and demonstrating her motivation for further thought and reflection.  

In the following chapters, we return to the pizza and towers problems and see how groups of students 
continue to refine their representations, clarify their reasoning, and extend and generalize their 
understanding of mathematical ideas by revisiting old ideas, communicating their findings, and listening to 
the findings of others. 

 
 
 
 


